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Abstract
Arbitrary ratio sampling rate conversion (SRC)
structure using B-spline interpolation is proposed for
software defined radio (SDR) in this paper. By combining
SRC with SDR’s transmitter/receiver filter, the constraint
on SRC reconstruction filter can be relaxed, and an
overall computational reduction can be achieved. The
mixed-width B-spline is introduced so that both antiimaging and anti-aliasing requirements for SRC are
satisfied. The passband droop introduced by the B-spline
interpolation is compensated by a linear phase digital
filter incorporated in the SRC structure so that the overall
frequency response approaches the desired frequency
response of the SDR’s transmitter/receiver filter. To make
the proposed SRC structure applicable in practice, the
mixed-width B-spline is further converted into uni-width
B-spline, and the simplified implementation of the uniwidth B-spline interpolation is also derived. A design
example of the linear phase digital filter for the proposed
SRC structure is given for an IEEE 802.11g wireless local
area network (WLAN) SDR receiver, and the overall SRC
complexity is analyzed.

1. Introduction
With the advance in digital signal processing and
digital communication techniques, software defined radio
(SDR) becomes a reality. For an SDR with multi-protocol
and/or multi-band capabilities, sample rate conversion
(SRC) is an essential element in the software architecture
of the SDR [1]. Different sample rates are even used in a
single communication protocol, such as the IEEE 802.11g
wireless local area network (WLAN) specification [14],
and thus SRC is a must if a single master clock
implementation is required. As a kind of signal
decimation and interpolation technique, a variety of SRC
structures have been proposed over the past decades [213,17-18].
The most popular and computationally efficient
approach for SRC is to use the cascaded integrator-comb
(CIC) filter [2] which allows for a direct digital-digital
SRC, i.e., the conversion is performed digitally with
digital input and digital output but without an analog stage
as theoretically required. Although this nature represents
an advantage in terms of computational efficiency
provided that the intermediate sample rate is not too high,

it is actually the cause of its drawbacks such as wide
transition band, passband droop, limitation to rational
conversion ratio, and possible high intermediate sample
rate. Recall that SRC is a process of signal reconstruction
and then re-sampling. The reconstruction is ideally
realized by a Nyquist lowpass filter, which converts the
digital signal to analog signal without distortion.
Therefore, SRC should preferably take a digital-analogdigital approach. The problem is how to select an
appropriate reconstruction filter since the ideal Nyquist
filter is neither possible nor necessary in practice.
In this paper, a digital-analog-digital SRC approach
using B-spline interpolation is proposed, which
overcomes the drawbacks of the digital-digital SRC using
CIC filter. By this approach, the reconstruction filter is
first sampled at an intermediate sampling rate and
interpolated to approximate the desired transmitter
/receiver filter. The effect of interpolation on the
reconstruction filter’s spectrum is then compensated
digitally by an incorporated digital filter following a
simple design procedure. A mixed-width B-spline
interpolation function is used so that both anti-imaging
and anti-aliasing requirements for SRC are satisfied. This
mixed-width B-spline is further converted to uni-width Bspline and a simple implementation algorithm is also
developed.
The rest of this paper is organized as follows. In
Section 2, the SRC structures combined with SDR
receiver and transmitter filters respectively are proposed,
and the mixed-width B-spline which satisfies both antiimaging and anti-aliasing requirements is introduced. The
B-spline with single gate width is decomposed into basic
interpolation functions in Section 3, resulting in a
simplified B-spline interpolation implementation. Section
4 describes the frequency sampling method for designing
a linear phase digital filter after compensating the
passband droop introduced by the B-spline interpolation,
and an SRC example is given for an IEEE 802.11g
receiver. Finally, conclusions are drawn in Section 5.

2. SRC Structure Using B-Spline
Interpolation
Our proposed digital-analog-digital SRC approach
combined with receiver filter for an SDR receiver
includes a virtual analog step and a re-sampling step.
First, the sampled input sequence x(kT1 ) with sampling

1

period T1 is passed through a filter h(t ) to give a
reconstructed analog signal

y(t ) =

∞

x(kT1 )h(t − kT1 ) .

(1)

k = −∞

Second, y(t ) is re-sampled with sampling period T2 ,
resulting in a sample rate converted sequence

y (mT2 ) =

∞
k = −∞

x(kT1 )h(mT2 − kT1 ) .

(2)

This time-varying digital filtering can be simplified to a
time-invariant operation if h(t ) is approximated by a
digital filter hˆ(nT3 ) with a virtual intermediate sampling
period T3 , i.e.,
h(t ) =

∞

hˆ(nT3 )r (t − nT3 ) ,

(3)

n = −∞

where r (t ) is an interpolation filter for approximating
h(t ) .
In the frequency domain, (3) can be expressed as
(4)
H ( f ) = Hˆ (e j 2πfT )R ( f ) ,
j 2 πfT
ˆ
where H ( f ) , H (e
) and R( f ) denote the Fourier
3

The combined spectrum rolls off in the order of f − ( L+ M ) ,
so that it also offers superb anti-aliasing capability. When
L = M = 1 , (7) becomes the original trapezoidal
interpolation filter.
sin πfT1 − jπfT1
e
In the time domain, T1
corresponds to a
πfT1
rectangular pulse (i.e., gate) of width T1 , denoted by

sin πfT3 − jπfT3
e
corresponds to a gate of width
πfT3
T3 , denoted by gT3 (t ) . Therefore,

g T (t ) , and T3
1

r (t ) = gT (t ) ∗

∗ gT (t ) ∗ gT (t ) ∗

1

1

L

(

X e j 2πfT1

transforms of h(t ) , hˆ(nT3 ) and r (t ) respectively.
Assuming that the bandwidth of the desired signal is 2 B ,
one period of Hˆ (e j 2πfT ) is simply determined from (4) by
H(f )
Hˆ (e j 2πfT3 ) =
,
for f ≤ B .
(5)
R( f )
In this way, hˆ(nT ) can be designed according to the

M

)

images

1
T1

B

(

Hˆ e

3

desired receiver filter frequency response H ( f ) after
compensating possible passband droop introduced by
R( f ) . Then, from (1) and (4) we have
Y ( f ) = X (e j 2πfT )H ( f )
(6)
= {X (e j 2πfT )R ( f )}⋅ Hˆ (e j 2πfT ) ,

j 2πfT3

)

M

L

3

1

1

1

3

3

L

f

(a)
T3

image

sin πfT3
πfT3

1
T3

3

sin πfT1 − jπfT
sin πfT3 − jπfT
e
⋅ T3
e
, (7)
πfT1
πfT3
which is the product of L + M sinc spectra. As shown in
sin πfT1 − jπfT
e
Fig. 1, the sinc spectrum T1
has a natural
πfT1
imaging rejection ability for X (e j 2πfT ) whereas
sin πfT3 − jπfT
T3
e
naturally rejects the images of Hˆ (e j 2πfT ) .
πfT3
R( f ) = T1

sin πfT1
πfT1

2
T1

1

and the re-sampling of y (t ) will cause spectrum aliasing
in the desired frequency band, R( f ) must be chosen so
that both anti-imaging and anti-aliasing requirements are
met.
A suitable R( f ) which satisfies above criterion has
been proposed in [17] as the trapezoidal interpolation
filter. In general, R( f ) can be expressed as

T1

desired band

3

where Y ( f ) and X (e j 2πfT1 ) are the Fourier transforms of
y (t ) and x(kT1 ) respectively. Since the periodic nature of
both X (e j 2πfT1 ) and Hˆ (e j 2πfT3 ) produces image components

(8)

3

where ∗ denotes convolution, is a cascade of L gates of
width T1 and M gates of width T3 . We see that r (t ) is in
fact a causal B-spline [15,16] but with mixed widths T1
and T3 . Thus, when r (t ) is expressed as (8), (3)
represents a mixed-width B-spline interpolation.

3

1

∗ gT (t )

3

M

f

(b)

Fig. 1. Interpolation filter selection. (a) L -fold sinc
j 2πfT
spectrum with imaging rejection for X e 1 . (b)
M -fold sinc spectrum with imaging rejection for
Hˆ e j 2πfT3 .

(

(

)

)

By further choosing T3 as an integer fraction of T2 ,
i.e.,
T
T3 = 2 ,
(9)
N
the SRC with receiver filter using B-spline interpolation
for an SDR receiver is structured as follows. The received
signal samples x(kT1 ) is first interpolated by r (t ) and resampled with sampling period T3 . The re-sampled
sequence is then filtered by the time-invariant digital filter
hˆ(nT3 ) . The sample rate converted sequence y (mT2 ) is
produced after down-sampling the filtered sequence by
N.
Obviously, since the B-spline r (t ) incorporates gates
with two different widths T1 and T3 , direct

2

implementation of this interpolation will be complicated.
1
(1 − e− j 2 x ) , R( f ) can be
However, since sin x ⋅ e − jx =
2j
rewritten as

1
R( f ) =
πf

L+M

M

L+M

⋅ (1 − e

)

− j 2πfT3 M

1

. (10)
M

1
1 − e − j 2πfT

responses

,

1

L+ M

sin πfT1 − jπfT1
(1 − e− j 2πfT3 )M correspond
and
e
πfT1
respectively to a cascade of M integrators with system
M
1
function
and sampling period T1 , a cascade of
1 − z −1
L + M gates with a single width T1 , and a cascade of M
T1

combs with system function (1 − z −1 ) and the sampling
period T3 . The cascade of L + M gates with the same
width T1 represents a uni-width B-spline
M

r1 (t ) = gT (t ) ∗

∗ gT (t ) .

1

(11)

1

L+ M

Therefore, the mixed-width B-spline interpolator r (t ) can
be implemented by the uni-width B-spline interpolator
r1 (t ) with preceding integrators and post combs after resampling. This SRC structure is shown in Fig. 2. The
implementation of the uni-width B-spline interpolator
r1 (t ) will be much easier than that of the original r (t ) , and
will be further simplified as described in the following
section.
1
1 − z −1

M

↑N

Interpolator
r1 (t )

y (mT2 )

(1 − z )

−1 M

t = nT3

hˆ(nT3 )

↓N

Fig. 2. Sample rate conversion using B-spline
interpolation combined with receiver filter.

When the SDR works in transmitting mode, with the
transmitter filter (or spectral shaping filter) being the
same as h(t ) and using the same interpolation function
r (t ) , the combined SRC with spectral shaping can be also
structured accordingly. First, y (mT2 ) is up-sampled by
N and filtered by hˆ(nT ) . Then, the sample rate
3

converted transmitted signal x(kT1 ) is then produced after
the mixed B-spline interpolation and re-sampling of the
interpolated signal with sampling period T1 . When
implementing r (t ) using the uni-width B-spline
interpolator
r3 (t ) = gT3 (t ) ∗ ∗ gT3 (t )
(12)
L+ M

hˆ(nT3 )

L

Interpolator
r3 (t )

(1 − z )

−1 L

t = kT1

3

sinπfT1 − jπfT
⋅ T1
e
πfT1

frequency

x(kT1 )
1
1 − z −1

− jπfT3 M

1

1

x(kT1 )

y (mT2 )

(sinπfT ⋅ e ) (sinπfT ⋅ e )
− jπfT1 L

1
=
1− e− j 2πfT
The

with the a single gate width T3 , this SRC structure is
shown in Fig. 3.

Fig. 3. Sample rate conversion using B-spline
interpolation combined with transmitter filter.

Since an analog signal is virtually produced and resampled, the SRC structure using B-spline interpolation is
able to cope with arbitrary conversion ratio. The
incorporated digital filter not only compensates passband
droop but also acts as receiver filter or spectral shaping
filter, so that an overall computational reduction could be
achieved. The design parameters L , M and N are
selected according to the SRC anti-imaging and antialiasing requirements as well as the overall system
complexity, as will be demonstrated by the design
example described in Section 4.

3. Simplified B-Spline Implementation
In general, the n th order uni-width causal B-spline
can be defined as [15,16]
(13)
βT( n ) (t ) = g T (t ) ∗ ∗ g T (t )
where

n +1

1,
0≤t <T
(14)
0,
elsewhere
is a gate of width T . Note that for the basic function
defined in (14) the B-spline is causal instead of centered
(non-causal). It is also of interest to know that this causal
B-spline looks like the analog version of the digital CIC
filter. By the above definition, the two B-splines r1 (t ) and
r3 (t ) used in the SRC structures proposed in the previous
section are simply βT( L+ M −1) (t ) and β T( L+M −1) (t ) . In this
section, we will derive the simplified implementation of
βT(n ) (t ) with uni-width T . The result can be easily applied
to r1 (t ) and r3 (t ) , making the SRC structures applicable in
practice.
As we all know, the B-spline is a piecewise
continuous function of t with pulse duration (n + 1)T .
Each piece is an n th order polynomial in t with duration
T . Suppose that the sampling period of the signal
sequence to be interpolated is also T . If the B-spline
interpolation is implemented directly, a set of n + 1
samples of βT(n ) (t ) must be calculated and convolved with
input signal sequence to generate each interpolated
output. Each sample of βT(n ) (t ) is a sum of up to n + 1
terms. Each term is a power of t to the power of up to n .
We see that the direct implementation of the B-spline
interpolation, like other polynomial interpolations, is
hardly practical.
A centered B-spline can be efficiently implemented
using the conventional Farrow structure [3,18]. For the
gT (t ) =

1

3

3

causal B-spline introduced in this paper, an alternative
simplified implementation can be realized by performing
the B-spline interpolation recursively and decomposing
the B-spline into a series of basic interpolation functions.
To derive this simplified interpolation structure, let us
firstly express g T (t ) as the difference between a unit step
u (t ) and its delayed version, i.e.,
g T (t ) = u (t ) − u (t − T ) = u (t ) − DT u (t ) = (1 − DT )u (t ) , (15)
where DT denotes an operator which delays a function of
t by T . Then, by denoting a set of normalized power
m

t
gT (t ) ,
T
m = 0,1,..., n , we find out that the convolution of a lower
order power function pulse with unit step can be
decomposed as the sum (with a scale factor) of a higher
order power function pulse plus a delayed unit step, i.e.,
m−1
m−1
m
t
t
τ
T t
T
gT (t) ∗u (t) =
gT (τ )dτ =
gT (t) + DT u(t) , (16)
T
mT
m
0 T
which is illustrated in Fig. 4.

function

pulses

1

of

t
T

m −1

T

duration

as

u (t )

g T (t )
1

T

t

∗

t

T
m
T

T
m

T t
m T

T

m

t

g T (t )
T
m

T
u (t − T )
m

T

t

t

Fig. 4. The convolution of lower order power function
pulse with unit step is decomposed as the sum of
higher order power function pulse plus delayed unit
step.

Applying the operator 1 − DT to both sides of (16) and
using (15), we have
m−1

m

t
T
t
gT (t ) ∗ gT (t ) = (1 − DT )
gT (t ) + DT gT (t ) . (17)
T
m
T
According to (13), the zero order B-spline is the gate
g T (t ) , or, zero order power function pulse, i.e.,
βT(0 ) (t ) = g T (t ) .
(18)
According to (17) with m = 1 , the first order B-spline is
decomposed as
t
β T(1) (t ) = g T (t ) ∗ g T (t ) = T (1 − DT ) gT (t ) + DT gT (t ) , (19)
T
which is the first order power function pulse plus a zero
order power function pulse with preceding operators
1 − DT and DT respectively. Using the result of the first

order B-spline (19) and the formula (17), the second order
B-spline is decomposed as
1
β T(2 ) (t ) = β T(1) (t ) ∗ g T (t ) = T 2 DT ⋅ DT + (1 − DT ) ⋅ ⋅ DT gT (t )
2
2

t
1
t
+ DT ⋅ (1− DT ) ⋅ gT (t ) + (1 − DT ) ⋅ ⋅ (1 − DT ) ⋅
gT (t ) ,(20)
T
2
T
which is a sum of three power function pulses of orders
from 0 to 2 with preceding composite operators
1
DT ⋅ DT + (1 − DT ) ⋅ ⋅ DT
,
and
DT ⋅ (1 − DT )
2
(1 − DT ) ⋅ 1 ⋅ (1 − DT ) respectively.
2
Continuing the above recursion, the n th order Bspline can be decomposed into a sum of n + 1 basic
m

t
gT (t ) , m = 0,1,..., n , preceded
T
with respective composite operators. When this
decomposed B-spline is used to interpolate an input
discrete sequence with sampling period T , these
composite operators can be applied to the discrete
sequence first, resulting in a discrete delay and difference
network with n + 1 outputs followed by a bank of n + 1
filters with these basic interpolation functions as their
respective impulse responses. The flow graph of this
simplified B-spline interpolation implementation is shown
in Fig. 5, where the delay line z −1 corresponds to the
operator DT and the difference network 1 − z −1
corresponds to the operator 1 − DT . Since each output of
the delay and difference network is a discrete sequence
with sampling period T and the duration of the
corresponding basic interpolation function is also T , the
interpolated signal waveform is simply a successive
concatenation of the corresponding basic interpolation
function weighted by the respective input discrete samples
without waveform overlapping among adjacent weighted
basic interpolation functions. The calculation involved in
the (n + 1) -output network only requires divisions by
integer numbers from 1 to n . For most SRC applications,
the B-spline of order 2 already provides sufficient image
rejection, so that there will be no multiplication in the
network (dividing by 2 is equivalent to a right-shifting)
and only 3 multiplications is needed in the filter bank (i.e.,
no multiplication for the zero order power function pulse,
1 multiplication for the first order power function pulse
and 2 multiplications for the second order power function
pulse).

interpolation functions

4. Design Example
An example of SRC for the IEEE 802.11g WLAN
receiver is given in this section. Since the IEEE 802.11g
physical layer (PHY) packet has a single-carrier segment
at 11 MHz sample rate and a multi-carrier segment at 20
MHz sample rate, an SRC component in the receiver is
required to convert the sample rate from 20 MHz

4

Tn
Input
sequence

1
2

=
=
a

z

1
2

1
n

−1

1− z

−1

=
a

t
T

0

t
T

1

t
T

2

t
T

n

g T (t )

Interpolated
output

g T (t )

g T (t )

g T (t )

Fig. 5. Implementation of the n th order B-spline
interpolation using an (n + 1) -output delay and
difference network and a bank of n + 1 power
function pulse filters.

1
1
S) to 11 MHz ( T2 =
S) for the single20
11
carrier segment if we use only one master clock at 20
MHz. Obviously, if we use the CIC filter for this SRC, the
intermediate frequency will be as high as 220 MHz,
which is highly impractical.
For the single-carrier segment of the PHY packet, the
impulse response of the transmitter filter is defined as a
sinc function weighted by the continuous-time Hanning
window [14], i.e.,

1
) using the
7T2
second order B-spline ( L = 1 , M = 2 , L + M − 1 = 2 ) and
the first order B-spline ( L = M = 1 , L + M − 1 = 1 )
respectively. Fig. 7 shows the corresponding actual
receiver filter’s magnitude frequency response H ( f ) ,
from which the image components are reduced by more
than 45 dB using either the second order or the first order
B-spline interpolation. However, for lower order B-spline
interpolation, higher intermediate sample rate and longer
FIR filter hˆ(nT3 ) have to be used in order to achieve
similar anti-imaging and anti-aliasing performance.
Consequently, computational load is actually heavier if
lower order B-spling is used.

simple frequency sampling method ( ∆f =

1.2

( T1 =

sin (πfW t ) 1
2πt
⋅ 1 + cos
πfW t
2
Tspan

,

(21)

1

Normalized Impulse Response

p(t ) = fW

0.4
0.2

0

0.1

0.2

0.3

0.4

0.5

0.6

0.7

Time(uS)

Fig. 6. The designed linear phase FIR filter hˆ(nT3 )
for the second and first order B-spline interpolations
respectively ( X rc ( f ) rolloff factor 0.8).
L=1, M=2, N=3
L=1, M=1, N=6

0
Normalized Magnitude Response(dB)

H( f )
response Hˆ (e j 2πfT3 ) with one period being
as
R( f )
specified by (5). Since the B-spline interpolation
(LT1 + MT3 ) (see (7)), hˆ(nT )
introduces a time delay of
3
2
shall be advanced by the same amount of time in order to
have an overall zero-phase filter impulse response.
However, in practice, it is more convenient to implement
a linear phase finite impulse response (FIR) filter even
though extra time delay will be introduced.
Suppose that 40 dB stopband attenuation of the
receiver filter’s frequency response is required. Fig. 6
shows the designed linear phase FIR filter hˆ(nT3 ) by the

0.6

-0.2

H(f )=

3

0.8

0

where fW = 16.25 MHz is the bandwidth of the sinc
function and Tspan = 0.8 S is the duration of p (t ) . To
reduce intersymbol interference (ISI), the receiver filter
h(t ) should be chosen so that the overall frequency
response of the transmitter filter and receiver filter has a
smooth raised cosine spectrum X rc ( f ) . Therefore, the
frequency response of h(t ) is determined by
X rc ( f )
) where P( f ) is the Fourier transform of
P( f )
p (t ) . Note that h(t ) is ideally a symmetric (zero-phase)
function of an infinite duration.
After compensating the effect of B-spline
interpolation, the digital filter hˆ(nT ) has a frequency

L=1, M=2, N=3
L=1, M=1, N=6

-20

-40

-60

-80

-100

0

20

40
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80

100

120

140

160

Frequency(MHz)

Fig. 7. The actual receiver filter’s magnitude
response H ( f ) for the second and first order Bspline interpolations respectively ( X rc ( f
factor 0.8).

)

rolloff

5

The complexity is calculated as follows. For the
second order B-spline, the intermediate sample rate is
1 N
chosen as
=
= 33 MHz (i.e., N = 3 ) and the length
T3 T2
1
= 7 N = 21 (11 multiplications per
of hˆ(nT3 ) is
∆fT3
sample are required for digital filtering after exploiting
the linear phase property), whereas for the first order Bspline, the intermediate sample rate must be as high as
1 N
=
= 66 MHz (i.e., N = 6 ) and the length of hˆ(nT3 )
T3 T2
becomes 7 N = 42 (21 multiplications per sample for
digital filtering). Therefore, with doubled intermediate
sample rate and nearly doubled multiplications, the digital
filtering in the first order B-spline case requires nearly
four times computation than that in the second order Bspline case. We see that, even though the second order Bspline interpolation requires more computation (3
multiplications per sample) than the first order one (1
multiplication per sample), the overall complexity of SRC
using the second order B-spline interpolation is actually
greatly reduced.

5. Conclusions
As the analog counterpart of the digital CIC filter, the
mixed-width B-spline interpolation has been introduced to
meet both anti-imaging and anti-aliasing requirements for
SRC, resulting in an arbitrary conversion ratio SRC
structure combined with transmitter filter or receiver filter
for SDR. The mixed-width B-spline is further converted
into uni-width B-spline, and the implementation of the
uni-width B-spline interpolation is simplified through
decomposing the B-spline into a series of simple basic
interpolation functions, resulting in a multiple output
digital delay and difference network followed by a bank
of short power function pulse filters. The passband droop
introduced by the B-spline interpolation can be
compensated by the digital filter incorporated in the SRC
structures, and the simple frequency sampling method can
be used for the linear phase digital filter design. By
properly choosing the order of the B-spline and other
design parameters such as intermediate sampling period
and frequency sampling period, the anti-imaging and antialiasing requirements for SRC can be satisfied, and thus
overall computational reduction can be achieved.
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